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Abstract 

The stationary solutions of a large variety of (super)gravity theories can be 
described within a non-linear sigma model &/$)* coupled to Euclidean gravity 
in three-dimensions, for which is a simple group and Sj* a non-compact real 
form of its maximal compact subgroup. The absence of naked singularities in four 
dimensions requires the (3 Noether charge in 3D to satisfy a characteristic equation 
that determines it in function of the mass, the NUT charge and the electro-magnetic 
charges of the solution. It follows that the Noether charge associated to extremal 
black holes must lie in a certain Lagrangian submanifold of a nilpotent orbit of 
0. Constructing a suitable parameterisation of this Lagrangian, we are able to 
determine the so-called 'fake superpotential' that governs the radial dependency of 
the scalar fields. 
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In trying to extend our quantum gravity understanding of black holes, extremality is 
often a key simplifying assumption. Firstly, it eliminates Hawking radiation and ensures 
that the solution is semi-classically stable. Secondly, it guarantees that the near-horizon 
solution is entirely determined by the conserved charges measurable at spatial infinity, 
and therefore insensitive (away from lines of marginal stability) to variations to the 
asymptotic value of the scalar fields at infinity. This attractor behaviour, first discovered 
for supersymmetric (BPS) black holes [1, 2], holds for all extremal solutions [3, 4, 5], and 
is arguably responsible for the validity of certain weakly coupled description of non-BPS 
black hole micro-states [6] in string theory. 

Considering supergravity theories, black holes are solutions of the Einstein equations 
coupled to abelian vector fields and scalar fields parameterising a Riemannian space M.^. 
Assuming spherical symmetry and extremality, the supergravity equations of motion be- 
come equivalent to light-like geodesic motion on a pseudo-Riemannian space .M3, with 
the affine parameter r identified as the inverse radial distance r = 1/r. Restricting 
ourselves to static solutions, or equivalently considering asymptotically Minkowski solu- 
tions, the equations of motion reduce furthermore to the motion of a fiducial particle 
on x Ai 4 subject to a negative definite V depending on the electromagnetic charges. 
There are two main approaches to determine such solutions that we combined in [7]. 

The first one consists in reducing the equations of motion in first order gradient flow 
equations through the determination of a 'fake superpotential' W satisfying 

V = -e 2U (W 2 + 2g lj d i Wd j W) (1) 

where is the Riemannian metric on M.4 and U is the scale function defining the 
extremal static spherically symmetric metric ansatz 

ds 2 = -e 2U dt 2 + e~ 2U (dr 2 + r 2 (d6 2 + sin 2 9 d<p 2 )) (2) 

Whenever the solution is BPS, i.e. that it preserves some supersymmetry generators, 
the first order gradient flow equations correspond to the vanishing of the supersymmetry 
transformation of the fermion fields. This is most familiar in the framework of D = 
4, M = 2 supergravity, for which the BPS superpotential is determined in function of the 
central charge Z as 

W BPS = iZp^l (3) 

This permitted to determine the most general BPS solutions explicitly [8, 9]. However, 
the solution to (1) is not unique, and the determinations of inequivalent 'fake superpo- 
tentials' W were obtained in [10, 11, 12, 13, 14, 15, 16, 17]. 
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On the other-hand, when .M 4 is a symmetric space ^4/^34, such that its isometry 
group 04 defines a symmetry of the theory by acting faithfully on the electromagnetic 
field strength, the pseudo-Riemannian manifold on which is defined the light-like 
geodesic motion is itself a symmetric space [18], with simple isometry group and 

a non-compact maximal subgroup Sj* which is a non-compact real form of the maximal 
compact subgroup of (J5. The geodesic motion on Ait, is then integrable, and in fact all 
geodesies on .M3 can be obtained by exponentiating a generator — P r £ 00 f)*, where P 
determines the momentum along the trajectory. P is conjugate to the Noether charge 
Q via the coset representative V in &/$)*, 

^ = -(v- 1 v)U = v- 1 gv (4) 

where the dot denote the derivative with respect to r. Extremal solutions correspond 
to special geodesies which reach the boundary U = —00 in infinite proper time [18]. It 
is necessary but not sufficient that the geodesic be light-like. For BPS black holes, it 
was observed in [19] that the Noether charge must satisfy [ad(<5)] 5 = 0, i.e. belong to a 
nilpotent orbit of degree 5. More recently, the supersymmetry and extremality conditions 
on the Noether charge for symmetric supergravity models were re-analyzed in [20]. It 
was shown in all cases where (3 is simple that extremality requires to [Q|r] 3 = 0, where 
R denotes the "fundamental representation" of 25: for example the spinor representation 
if & is an orthogonal group SO (2 + m, 2 + n) or SO* (2m + 4). The only exception is for 
<3 = Es(s) or £ , 8 (-24), where the condition becomes [Q13875] 5 = 0, with 3875 being the 
3875-dimensional irreducible representation appearing in the symmetric tensor product 
of two adjoint s. 

More precisely, any generic extremal spherically symmetric black hole (i.e. with a 
non-zero horizon area) is characterized by a nilpotent Noether charge Q which lies inside 
the grade-two component (4 of with respect to the 5-grading (more appropriately, even 
9-grading) which arises in the reduction from 4 to 3 dimensions: 

= 1 ( " 4) © [<- 2) © (glj © 04 ) (0) © if © 1 (4) (5) 

The nilpotent orbit O® of Q £ under & is characterized by the isotropy subgroup 1 of 
Q in G5. On the other hand, the momentum P is valued in the coset f)*, and therefore 
defines a fj*-orbit O^* inside f)*. 

1 for extremal black holes, this isotropy subgroup coincides with the isotropy subgroup of the electro- 
magnetic charges in the four-dimensional duality group 64 computed in [21. 22, 23]. 



2 



Since the coset component of the Maurer-Cartan form is conjugate to the Noether 
charge via P = V~ 1 QV, it defines a representative e = P of the corresponding nilpotent 
orbit inside the coset component 00f)*, and therefore defines a f)*-orbit inside this coset. 
A general fact about nilpotent elements is that one can always find another nilpotent 
element f and a semi-simple generator h such that the triplet (e, f, h) defines an 5(2 
subalgebra of g, i.e. 

[e, f] = h [h, e] = 2e [h, f] = -2f (6) 

The eigenspaces of h furnish a graded decomposition of g which uniquely characterizes 
the complex nilpotent <5c orbit [24]. Extremal solutions are such that the 5}*-orbit of P 
is characterized by a graded decomposition of f)* of the same form as (5) [25], 

f>* fjC- 4 ) © ()(- 2 > © q[ x © © (f> © f,w (7) 

In the case of maximally supersymmetric supergravity [26], for static solutions {i.e. with 
zero NUT charge) the semi-simple element h associated to the nilpotent element P can 
be computed in terms of the central charges alone, and more generally, in terms of 
the central and matter charges which we write collectively Zi? Decomposing P e g f)* 
with respect to the Ehlers U{1) and the four-dimensional R-symmetry group ft 4 [7], 

P = -UH + e u Zj L 1 - ejft Gj e C © [4 © (04 f) 4 ) (8) 

where is a vielbein for the metric gtj, one may recast the middle equation in (6) into 
a system of first order differential equations of the form 

U = -e u W u^o' Vir, (9) 

where W and Wi depend on the moduli <fi l and electromagnetic charges Qj through the 
charges Zj only; moreover, we proved that [7] 

Wt = d#W (10) 

Thus, extremal solutions attached to the given nilpotent orbit satisfy a gradient flow 
under the fake superpotential W. In particular, it follows from the nilpotency of P that 

Tr P 2 = = e 2U (W 2 - ZjZ 1 + 2g ij W i W j ) = , (11) 

2 Here Zj are the scalar field dependent linear combinations of the electromagnetic charges, trans- 
forming in a complex representation of SJ4 and such that V BH = ZjZ 1 . 
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and therefore that (1) is obeyed. 

Applying this strategy to Af = 8 supergravity with (25 = £s(8), we are able to de- 
termine the fake superpotentials for both BPS and non-BPS extremal black holes, and 
express them in terms of the SU(8) invariant combinations of the central charges. In this 
case P transforms as a Majorana-Weyl spinor under Spin* (16). It can be conveniently 
parameterised using a fermionic oscillator basis [20], 

|P ) = (w + Zijcfa? + Z ijkl a i a j a k a l + ^e ijklmnpq (Z pq a i ---a n + a 1 ■ ■ ■ a 9 )) |0) 

= (l+*)(w+ %aV + is^aVaV) |0> (12) 

where * is the anti-involution defining the chiral Majorana-Weyl representation of Spin* (16), 
w = M + iN where M is the mass and N the NUT charge, Zij are the supersymmetric 
central charges and are the "scalar charges" . 

There are two £s(8) orbits associated to the nilpotency condition [Q|387s] 5 = 0, whose 
union is dense in the space of solutions of this equation [20, 27]. They both lie in a single 
£g(C) orbit, associated to the same five graded decomposition, 

e 8(8) l'- 4 > © 56 ( " 2) © (flli © e 7(7) ) (0) © 56 (2) © 1 (4) (13) 

A representative E of such a nilpotent orbit is a generic element of the grade two com- 
ponent 56 (2) . There are two classes of such elements which are distinguished by their 
isotropy subgroup inside £7(7), respectively £6(2) and £6(6) [21, 22]. The gl ± genera- 
tor h of so*(16) which defines a corresponding graded decomposition of so*(16) and its 
Majorana-Weyl representation 128+ are such that a representative of the orbit lies in 
the component of grade two of 128 + 

h|P ) = 2|P ) (14) 

The two orbits of Spin* (16) associated to generic extremal black holes (i.e. black holes 
with a non- vanishing horizon area) correspond to the 1/8 BPS and the non-BPS extremal 
black holes, respectively. 

In order for the solution to be supersymmetric, the corresponding Noether charge 
state must satisfy the 'Dirac equation' [20] 

(e> i + £ Q ^efa i )|P o ) = (15) 

where a 1 and a,j (for i,j,---— 1, 8) are the fermionic oscillators from which the spinor 
representations of Spin* (16) are built. In the case of an 1/8 BPS solutions, this equation 
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permits to determine the generator h from the value of the central charge as 

hi = e ilp Ri k Rj l oj kl (ja? - e'^R^R^ u" kl a i a j (16) 

for a central charge decomposing on a basis of real orthonormal antisymmetric tensor 
as 

Z VJ = ^Ri'R/ (p,<4 + pM,+ <4 + P, 4) ( 17 ) 
such that p g > p 1 > p 2 > p 3 . This determines the BPS 'fake superpotential' to be 

W BPS = p (Z ij ) (18) 

in agreement with [11]. 

In the non-BPS case, one use the fact that the generator f) also define the nilpotent 
elements associated to 1/2 BPS solutions by its grade four component, to use the 'Dirac 
equation' (15) to determine h in this case as well. As a result, 

h = - co ^ 2a j (eT ia R i k R j l n k ia i ci i - e ia R k R j i^a^ + % tan(2a) (0*04 - 4) (19) 

for a central charge decomposing as 

Z l3 = e- ia Ri k R/ ( l - (e 2ia + z sin(2a)) g Q kl + E kl ) (20) 

such that VLij is a symplectic form of overall phase factor e 1 ^ and Sy satisfies 

Ey = VL ik VLj{E kl £l lj Eij = (21) 

The 'fake superpotential' is thus defined in the non-BPS case by 

W = 2g(Z ij ) (22) 

q being also a particular root of an irreducible sextic polynomial [7]. 

By truncation, one then obtains the 'fake superpotential' for all magic M = 2 super- 
gravity models, and in fact for all supergravity theories with J\f > 2 with a symmetric 
moduli space. 
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